analysis of the sensitivity of calculations to the number of elements is performed.
1.

Introduction
Numerical methods have played a vital role in science and engineering in terms of solving and analyzing problems. Solutions to engineering problems can more easily be achieved with the help of computers. The importance of numerical methods in an analysis is due to several factors. First, most natural phenomena can best be described by differential equations with varying boundary conditions the solutions of which cannot be obtained by analytical means, except in very simple cases. Significant improvements have been made in various numerical techniques such that problems can be solved at a low cost and within a short span of time. Due to the absence of automatic computation, progress in the development of numerical methods was quite slow before the 1940s. With the arrival of high-speed computers, engineers and scientists succeeded in exploiting numerical methods. During the mid-1950s, the finite element method grew out of a number of intuitive procedures and associated mathematical techniques. Prior to its conception, the finite difference method held a dominant position in the numerical solution of continuum problems [1, 2] . Today, both of these methods are equally important and have their own advantages and disadvantages. However, certain problems are more amenable to the finite element method than to the finite difference method. Other numerical methods, such as nodal [3e5] and finite volume [6, 7] , may also be used to solve neutron diffusion equations.
The finite element method is a computational technique for obtaining approximate solutions to the partial differential equations that arise in scientific and engineering applications. It is a general technique for constructing approximate solutions to the boundary value problems. The methods involve dividing the domains of a solution into a finite number of elements. Variational schemes employing a weighted residual approach or an extremum principle-based approach are used to construct an approximate solution over the collection of finite elements. Owing to the generality and richness of the ideas underlying the method, it has been used with remarkable success in solving a wide range of problems in virtually all areas of engineering and sciences. In contrast to the older finite difference methods that are usually based on differential formulations, the finite element method is based on integral formulations. In the finite element method, the solution is approximated by local piecewise polynomial trial functions within an element. Expansion coefficients are then determined by applying either weighted residual or variational approaches. Finite elements have been utilized in different ways to solve neutron diffusion equations. In some formulations a weighted residual approach is adopted, while in others variational approaches are considered, with a combination of the applications of the finite elements to one or more of the independent variables. In the weighted residual approach, the integral form of the original integrodifferential equation is considered and expanded in a set of finite element basis functions. The integral form is obtained by multiplying the original equation by an arbitrary weighting function. If the arbitrary weighting functions are the finite element basis functions, then the approach is called the Galerkin technique [8] .
The neutron diffusion theory is the most widely used method in the analysis of criticality of nuclear reactors.
Consideration of criticality is generally referred to as an eigenvalue problem for the multigroup neutron diffusion equation for which the solution provides the eigenvalue effective multiplication factor, neutron flux distribution, and power profiles in reactor cores. An adequate calculation may be obtained from the solution of a three-dimensional (3D) neutron diffusion equation using the aforementioned numerical methods. The finite element method has always been a fundamental numerical technique in reactor core calculations. It has continuously been improved over decades, starting from primal implementation in neutron diffusion equations up to modern implementations with RaviarteThomas, hybrid, hadaptivity, and response matrix bases [9e11] .
In general, in most applications, the finite element method is preferred to its principal alternative, the finite difference method, due to its flexibility in the treatment of curved or irregular geometries and the high rates of convergence attainable by the use of high-order elements. Several researchers have tried to develop convenient methods for solving 3D multigroup neutron diffusion equations using finite element methods in 3D geometries. For example, Wang and collogues [11] presented 3D h-adaptivity for multigroup neutron diffusion equations. The solution of partial differential equations obtained using adaptive mesh refinement gives significantly higher accuracy at a reduced numerical cost. In another paper, H ebert [9] presented how the RaviarteThomaseSchneider finite element method was implemented for solving the diffusion equation in hexagonal 3D geometry. The RaviarteThomaseSchneider method was based on a dual variational formulation defined over lozenges with a Piola transformation of the polynomial basis. An efficient Alternating Direction Implicit (ADI) numerical technique was set up to solve the resulting matrix system.
In the present study, the Galerkin finite element method (GFEM) [12] , a weighted residual method, is used to solve the multigroup neutron diffusion equation in any arbitrary 3D geometries such as rectangular and hexagonal reactor cores. The unstructured tetrahedron elements generated by Gambit are used to discretize the equations. Indeed, a key advantage of the unstructured tetrahedron elements is their superiority in mapping the curved boundaries or material interfaces in 3D geometries. In addition, the running time of computation code and the accuracy of the calculation may be optimized using proper unstructured tetrahedron elements. For several reasons, such as precision and simplicity, the Galerkin method has been used widely in the development of computer codes for solving diffusion or transport equations in different geometries [12, 13] . The main advantage of the GFEM is that the definition of boundary conditions in this method is easier than that in the other methods [14] . The mentioned reasons convinced us to use the GFEM for solving the multigroup forward/adjoint neutron diffusion equation in 3D geometries.
An outline of the remainder of this contribution is as follows: In Section 2, we briefly introduce the numerical solution of the multigroup neutron diffusion equation in 3D geometries used to solve the forward/adjoint neutron diffusion equation. Section 3 presents the main specification of the IAEA-3D [15] , VVER-1000 [16] , and liquid metal fast breeder reactor (LMFBR) [17] benchmark problems. Numerical results and an analysis of the sensitivity of calculations to the N u c l e a r E n g i n e e r i n g a n d T e c h n o l o g y 4 8 ( 2 0 1 6 ) 4 3 e5 4 number of elements are presented in Section 4. In this section, we also discuss the results and advantages of applying the unstructured tetrahedron elements. Section 5 gives a summary and concludes the paper.
2.
Numerical solution of the multigroup neutron diffusion equation in 3D geometries 2.1.
Forward neutron diffusion equation
The multigroup neutron diffusion differential equation for steady state may be written as Eq. (1) [18, 19] :
where all quantities were defined in the Nomenclature section of the present paper. The removal cross section (S r,g ) is the summation of the absorption and out-scattering cross sections. The removal cross section in the energy group g is expressed asS r;g ¼ S a;g þ P
Linear partial differential equations such as Eq. (1) may be solved using different numerical methods such as finite element, finite difference, and nodal. Here, the GFEM is used to discretize the neutron diffusion equation. To start the discretization, the whole solution volume is divided into the unstructured tetrahedron elements, as shown in Fig. 1 . The advantage of the unstructured tetrahedron elements is their superiority in mapping any 3D geometry. The elements are generated using a Gambit mesh generator in FDNEUT format. After generating the desired geometry, the material type and boundary conditions are specified using the "Specify Continuum Types" and "Specify Boundary Types", respectively. Then, the geometry is divided into tetrahedron meshes using the "Mesh volume" section. To apply a size function while meshing a model, GAMBIT first divides the bounding box into a set of tetrahedron subsections and computes the size-function values at the corners of each subsection. To determine the size of any mesh element that exists within a given subsection, GAMBIT interpolates between the values assigned to the subsection corners. The total number of background-grid subsections affects the speed and accuracy of any sizefunction application. If the background grid contains only a few subsections, computational time is minimized, however, the computed mesh-element sizes might only crudely approximate the intended effects of the size function. Conversely, if the number of subsections is very large, the interpolated mesh-element sizes might accurately reflect the intended effects of the size function, but computational time might be prohibitive. The level to which GAMBIT divides the background grid by means of the TOOLS.SFUNCTION.B-GRID_NONLINEAR_ERR_PERCENT default variable may be controlled. This default variable specifies the maximum allowable percentage difference between the exact and interpolated size-function values computed at the center of any subsection. If the difference exceeds the specified value for any subsection, GAMBIT further divides the subsection into a set of smaller subsections. Applying this method iteratively, GAMBIT subdivides the background grid until the percentage difference for all subsections is less than the specified maximum value.
In the linear approximation of shape function, the neutron flux in each element may be considered as Eq. (2) [14] :
where The shape function components are defined as Eq. (4):
in which, incidentally, the value V represents the volume of the tetrahedron. Expanding the other relevant determinants into their cofactors, we have
with the other constants being defined by cyclic interchange of the subscripts in the order 1, 2, 3, 4.
The components of the shape function satisfy the criterion given in Eq. (7) at all points of the domain:
The GFEM is a weighted residual method in which the purpose is to minimize the residual integral. In the weighted residual methods, the weighting function is considered asWðrÞ ¼ W T NðrÞ. There are (at least) four submethods (collocation, subdomain, least squares, and Galerkin) for different Fig. 1 e Unstructured tetrahedron elements. 
In the above equation, the differential part may be transformed, applying the divergence theorem, to Eq. (9):
where n is the normal unit vector on surface A. Two types of boundary conditions are considered in the calculation. The first boundary condition is no incoming neutrons at vacuum boundaries, which is expressed as Eq. (10):
The second boundary condition is zero net current or perfectly reflective boundary condition, which is described by Eq. (11):
Substituting the weighting function, Eqs. (9e11), and converting the integration on the reactor domain to the sum of the integrations on finite elements, the final form of Eq. (8) is obtained as Eq. (12): ¼
When element matrices have to be evaluated, it will follow that we are faced with the integration of quantities defined in terms of volume coordinates over the tetrahedron region. In this context, it is useful to note the following exact integration expression:
We have encountered three types of integrals in solving Eq. (12) . The first integral has appeared, as a result of applying the divergence theorem, as Eq. (14) [the first integral in the lefthand side of Eq. (12)]: where parameters a i , b i , c i , and d i have been defined in Eq. (6) The solution of the second integral on the left-hand side of Eq. (12) 
Eq. (16) is the local boundary condition matrix for each element in the situation when there is no incoming current. Eq. (16) is a zero matrix for net current boundary conditions.
Assembling the local matrices, Eqs. (14e16), into the global matrix, the system of equations, which is an eigenvalue problem, is obtained. Here, the eigenvalue problem is solved using the power iteration method. In the first step, a guess is considered for neutron multiplication factor (k If the changes are greater than a prescribed tolerance, then calculations are performed in the next iteration; otherwise, the iteration is completed. The output of the present section is the calculation of the neutron multiplication factor and neutron flux distribution in each energy group. Power distribution in the reactor core may be calculated if the neutron flux distribution is determined.
Adjoint diffusion equation
To solve the adjoint diffusion equation, it is noted that the adjoint operator is the transpose of the direct operator [18, 20] . To this end, Eq. (1) is formed in a matrix notation as Eq. (17):
where L is a loss operator and F a fission operator. Therefore, the matrix form of the adjoint diffusion equation is written as Eq. (18):
Here, L y and F y are the transpose of the L and F, respectively [19] . In addition, f y and k y eff refer to adjoint flux and adjoint multiplication factor, respectively. To solve the adjoint diffusion equation, the same method that was applied to the forward diffusion equation is used. The algorithm presented in the previous subsection for solving the system of equations is also applied. The adjoint multiplication factor and adjoint flux in each energy group are obtained from the calculation.
Neutron fixed source equation
The forward/adjoint neutron diffusion equations investigated in the previous two subsections are the criticality problems. In the present section, the solution to the neutron fixed source problem is obtained. The general matrix form of the neutron fixed source equation is given as Eq. (19):
where L and S are loss operator and external neutron source, respectively. In addition to the integrals mentioned in Eqs. (16)e (18), we encounter a new form of integral in the discretization of Eq. (19) using the GFEM. The solution to local integrals that appeared due to the presence of a volumetric external source is given as Eq. (20) The system of equations may be obtained from assembling the calculated local matrices for each element. The solution of the system of equations gives the neutron flux distribution for each energy group in the different regions.
3.
Main specification of the benchmark problems 3.1.
Criticality benchmark problems
IAEA-3D PWR
The IAEA-3D PWR problem has been a very important standard benchmark problem to measure the performance of calculation methods for neutronics [15] . A total of 177 fuel assemblies, including nine fully rodded fuel assemblies and four rodded fuel assemblies, compose the core; 64 reflector assemblies surround the core. The fuel assembly pitch is 20 cm and the active height of a fuel assembly is 340 cm. The thickness of the axial reflector is 20 cm. Fig. 2 displays one-eighth of the IAEA-3DPWR. The boundary conditions of the reactor core are no incoming current for the external boundaries and perfectly reflective boundary condition for the symmetry lines. Table 1 represents the material cross section of each assembly for the IAEA-3D reactor core.
VVER-1000
VVER-1000 is the second benchmark problem in this study [16] . The radial fuel assembly lattice pitch is 24.1 cm. This corresponds to the prototype VVER-1000 and is slightly different from the actual Fuel Assembly (FA) pitch of 23.6 cm in VVER-1000/V320; however, it is acceptable for a mathematical benchmark. The core height is 355 cm, covered with axial and radial reflectors. The total height is 426 cm, including 35.5 cm thick axial reflectors. Fig. 3 shows 1/12 of the benchmark core configuration. The boundary conditions of the reactor core include no incoming current for the external boundaries and perfectly reflective boundary condition for the symmetry lines. The material cross section of each assembly for VVER-1000 is given in Table 2 .
LMFBR configuration in ReZ geometry
To validate the results obtained from the solution of the neutron diffusion equation against the P 1 approximation of the neutron transport theory, we consider the multigroup LMFBR benchmark problem in ReZ geometry [17] . The material cross section for this problem is given in Table 3 . The neutron diffusion coefficient may be obtained from the total cross section as D ¼
The reactor is a right circular cylinder. This is obtained by rotating the system shown in Fig. 4 N u c l e a r E n g i n e e r i n g a n d T e c h n o l o g y 4 8 ( 2 0 1 6 ) 4 3 e5 4 about the Y-axis. Thus, we obtain a cylindrical reactor of height 338.4 cm and radius 123.45 cm.
3.2.
Neutron fixed source benchmark problems
The neutron fixed source equation may be solved in any 3D and hexagonal geometries. Since the author could not find any validated neutron fixed source benchmark problems, a simple problem was considered to validate the calculation. Here, we have presented a problem to validate the neutron fixed source problem. Fig. 5 shows the multiregion cube with the known material and unit volumetric neutron sources located in Regions 1 and 9. The dimension of the considered cube is 30 cm Â 30 cm Â 10 cm. The material cross section of each assembly for the considered cube is given in Table 4 . The Fig. 2 e One-eighth of the IAEA-3D Pressurized Water Reactor (PWR) core [15] . CL, Central Line. Fig. 3 e One-twelfth of the VVER-1000 reactor core [16] . CL, Central Line.
N u c l e a r E n g i n e e r i n g a n d T e c h n o l o g y 4 8 ( 2 0 1 6 ) 4 3 e5 4 boundary condition for the entire surface is no incoming neutron current.
Numerical results and discussion
First, we present the results for the IAEA-3D reactor. Fig. 6 shows the IAEA-3D with unstructured tetrahedron elements. Table 5 shows the calculated forward and adjoint multiplication factors versus the number of the unstructured tetrahedron elements. In Fig. 7 , power distribution in the reactor core has been compared with the reference data [15] . The reference values was calculated using the finite difference method with the VENTURE computational code [21] . The data used as reference in the present study were obtained by extrapolation of results of the VENTURE computational code. Extrapolation of results is done on the basis of error dependence on the square of the mesh spacing [15] .
The same results for the VVER-1000 reactor have been repeated in Table 6 and Fig. 8 . In Fig. 8 , the calculated power distribution in the reactor core has been compared with the reference data [16] . The reference values for the Schulz benchmark were calculated using the CRONOS computational code [22] and with the extrapolated finite element solution of second order with Lagrange polynomials on triangular-z meshes. CRONOS is a reactor code of Commissariat a l'EnergieAtomique (CEA), which uses finite elements and nodal methods for homogenized diffusion and transport calculations; the code also has 3D kinetics and pin-by-pin diffusion modules. The approximation in the hexagonal plane uses the GausseLegendre numerical quadrature corresponding to superconvergent finite elements. The discretization was performed by considering 54 triangles per hexagon and Nz ¼ 24 meshes in the axial direction [16] .
As shown in Tables 5 and 6 , the calculations have been performed for different numbers of elements in order to analyze the sensitivity of the calculations to number the elements. As expected, the difference between the calculated forward/adjoint multiplication factor and the reference value decreases as the number of elements is increased. The minimum RPE [defined as Eq. (21)] is 0.0136 for 540,130 elements in Table 2 e Material cross section of each assembly for the VVER-1000 reactor core. Fig. 4 e View of 1/8 of the LMFBR [17] . BC, boundary condition; LMFBR, liquid metal fast breeder reactor. Fig . 6 e View of IAEA-3D with unstructured tetrahedron elements.
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IAEA-3D. The same parameter is 0.0076 for 297,643 elements in VVER-1000. The calculated RPEs for the forward multiplication factor and power distribution in the present study are in the range of other same reported results [15, 23] .
RPEð%Þ ¼ calculated value À reference value reference value Â 100 (21) As expected, the calculated forward and adjoint multiplication factors are the same when the considered accuracy is five decimal digits.
To compare the results obtained from the solution of the neutron diffusion equation with the neutron transport equation, the LMFBR is considered. The neutron multiplication factor obtained from the solution of the neutron diffusion equation using GFEM-3D is compared with the reference data, in which the neutron transport equation was solved using quadratic finite element P 1 approximation [17] . Fig. 9 shows the LMFBR with unstructured tetrahedron elements. Table 7 shows the comparison between the calculated neutron multiplication factors for different numbers of elements and the reference values. As expected, the difference between the calculated neutron multiplication factor and the reference value decreases as the number of elements is increased. In addition, Table 8 displays the comparison between the The reference effective multiplication factor is k eff ¼ 1.04953 [16] . RPE, Relative Percent Error.
N u c l e a r E n g i n e e r i n g a n d T e c h n o l o g y 4 8 ( 2 0 1 6 ) 4 3 e5 4 averaged neutron flux in each region and the reference value. The reference data are obtained through the solution of the multigroup neutron transport equation with quadratic elements and P 1 approximation. Since the solution of P 1 approximation of the neutron transport equation using highorder finite elements is compared with the results of linear approximation of the GFEM for solution of the neutron diffusion equation, the obtained errors are within acceptable ranges.
In the aforementioned calculation, the unstructured tetrahedron elements generated by Gambit software have been used. The advantage of these elements is their superiority in mapping any 3D geometry. In addition, as discussed by the author in a previously published work [12] , an acceptable level of accuracy with a low computational cost may be achieved using the unstructured elements.
To validate the performed calculation for the neutron fixed source problem, the results of GFEM-3D and CITATION [24] computational codes have been compared. Since the calculation has been performed using small meshes in the CITA-TION computational code, the obtained neutron flux distribution from CITATION may be considered as reference data. The calculated neutron flux distributions in a layer with z ¼ 5 cm are compared in Table 9 . As shown, the neutron flux calculated using GFEM-3D has a good agreement with the results of the CITATION computation code.
Conclusion
In the present study, the GFEM-3D computational code was developed to solve the multigroup neutron diffusion equation based on the GFEM. Both the criticality and neutron fixed source calculations may be performed using the computational code developed. The calculations were performed using the unstructured tetrahedron elements for hexagonal, rectangular, and cylindrical 3D geometries. The forward/adjoint multiplication factor, and forward/adjoint flux and power Fig. 8 e Power distribution in the VVER-1000 reactor core. Fig. 9 e View of the LMFBR with unstructured tetrahedron elements. LMFBR, liquid metal fast breeder reactor. The reference effective multiplication factor is k eff ¼ 0.94032 [17] . LMFBR, liquid metal fast breeder reactor.
N u c l e a r E n g i n e e r i n g a n d T e c h n o l o g y 4 8 ( 2 0 1 6 ) 4 3 e5 4 distributions are the outputs of the calculation performed by the GFEM-3D computation code. To validate the calculations, an analysis of 3D benchmark reactor cores was carried out and the obtained results were compared with the reference data. In both IAEA-3D and VVER-1000 reactors, acceptable results for the neutron multiplication factor and power distribution were obtained. To validate the present calculation against the multigroup neutron transport theory, the obtained results for the LMFBR were compared with the results of P 1 approximation [17] . The neutron fixed source problem was also validated through a comparison of the neutron flux distributions calculated by the GFEM-3D and CITATION computational codes.
A reader can conclude that the developed computer code is a reliable tool for deterministic static calculations of both thermal and fast 3D reactor cores. It is applicable to full-core fuel management and design application studies of nuclear reactor cores.
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